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Flexible and rigid labelings

Let A : Eg — R be an edge labeling of a graph G = (Vg, Eg).
A realization p : Vg — R? is compatible with \ if
llo(u) — p(v)|| = A(uv) for all edges uv in Eg.
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Let A : Eg — R be an edge labeling of a graph G = (Vg, Eg).
A realization p : Vg — R? is compatible with \ if
llo(u) — p(v)|| = A(uv) for all edges uv in Eg.

The labeling X is called

° flexible if there are infinitely many non-congruent

compatible realizations, or

e rigid if the number of non-congruent compatible realizations is

positive and finite.

A graph is called movable if it has a proper flexible labeling.
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Algebraic formulation

e only isolated solutions = A is rigid,
e infinitely many solutions = A is flexible,
e infinitely many solutions such that

(XU - Xv)2 + (_yu - yv)2 # 0, VUV ¢ E
= )\ is proper flexible,

An irreducible curve in the zero set is called an algebraic motion.



Laman graphs

Definition
A graph G is called Laman if |Eg| = 2|Vg| — 3, and
|En| < 2| V| — 3 for every subgraph H of G s.t. |Vy| > 2.

Theorem (Pollaczek-Geiringer, Laman)
A labeling of a graph G induced by a generic realization of G is
rigid if and only if G is spanned by a Laman graph.



NAC-colorings

Definition

A coloring of edges § : Eg — {blue, red} is called a NAC-coloring,
if it is surjective and for every cycle in G, either all edges in the
cycle have the same color, or there are at least two blue and two

red edges in the cycle.
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Theorem (GLS)
A connected graph with at least one edge has a flexible labeling if
and only if it has a NAC-coloring.
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Combinatorial characterization

Theorem (GLS)
A connected graph with at least one edge has a flexible labeling if
and only if it has a NAC-coloring.

= no flexible labeling
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Functions W, , and Z,,
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/\L2zv = (XV_XU)2 =+ (YV_YU)2

= ((xv—xu) +ilyv —yu)) ((xv =xu) —i(Yv —yu))
Wo. Zow

For every cycle (u1, ..., Un, Upt1 = u1):

n n
Z Wijupn =0 and Z Zujuip =0
i=1 i=1

For a valuation v : F(C) — Z trivial on C:
o v(W,\)+v(Zuy) =v(WyyZuy) =v(N2,) =0, and

o n—1
o Wiyu = X Wi, ui 41

12



Functions W, , and Z,,

/\L2zv = (XV_XU)2 =+ (YV_YU)2

= ((xv—xu) +ilyv —yu)) ((xv =xu) —i(Yv —yu))
Wo. Zow

For every cycle (u1, ..., Un, Upt1 = u1):

n n
Z Wijupn =0 and Z Zujuip =0
i=1 i=1

For a valuation v : F(C) — Z trivial on C:

o v(Wy) +v(Zuy) = v(WyyZuy) = v(N2,) =0, and
L V( Wul,un) = V( 27:_11 Wu,-,u,-H) > minie{l,...,n—l} V( Wu,-,u,-+1) 0
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Active NAC-colorings

Lemma (GLS)
Let C be an algebraic motion of (G, \). If « € Q and v is a
valuation of F(C) trivial on C such that there exist edges tv, v
with v(Wigv) = o and v(Wy ¢) > «, then 6 : Eg — {red, blue}
given by

d(uv) =red <= v(W,,) > a,

d(uv) = blue <= v(W,,) <«

is a NAC-coloring, called
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Active NAC-colorings

Lemma (GLS)
Let C be an algebraic motion of (G, \). If « € Q and v is a
valuation of F(C) trivial on C such that there exist edges tv, v
with v(Wigv) = o and v(Wy ¢) > «, then 6 : Eg — {red, blue}
given by

d(uv) =red <= v(W,,) > a,

d(uv) = blue <= v(W,,) <«

is a NAC-coloring, called

V( Wu17u!7) = V(Z?:_ll Wui7ui+1) > miniE{l,...,nfl} ’/( Wuivui+1)'

13



Movable graphs up to 8 vertices

Theorem (GLS)
The maximal movable graphs with at most 8 vertices that are

spanned by a Laman graph and have no vertex of degree two are
the following: K33, K34, K35, Ks4 or

14



Classification of motions

Dixon (1899), Walter and Husty (2007)
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Active NAC-colorings of quadrilaterals

Quadrilateral Motion Active NAC-colorings
parallel 1
Rhombus T
degenerate L resp. _]
Parallelogram :
Antiparallelogram [__ _]

nondegenerate
Deltoid g L]

degenerate

L]
General : L __]
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Active NAC-colorings of quadrilaterals

Quadrilateral Motion Active NAC-colorings
parallel 1
Rhombus T
degenerate L resp. _]
Parallelogram :
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General : L __]
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Leading coefficient system

Assume a valuation that gives only one active NAC-coloring
— Laurent series parametrization.

For every cycle C = (u1, ..., Up, Upt1 = U1):

Z (Wu,-u,-ﬂt + h-O.t.) + Z (Wu,-u,-+1 + h.O.t.) =0.
— _—

ie{1,...,n} W ie{1,...,n} w
O(ujujyr)=red Hirti+1 0(ujujq1)=Dblue Hititl
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For every cycle C = (u1, ..., Up, Upt1 = U1):
E Zu,-u,-+1 = § : Wuiui+1 =0.
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Leading coefficient system

Assume a valuation that gives only one active NAC-coloring
— Laurent series parametrization.

For every cycle C = (u1, ..., Up, Upt1 = U1):
E Zu,-u,-+1 = § : Wuiui+1 =0.
ie{1,...,n} ie{1,...,n}
0(ujujyq)=red d(ujujy1)=blue

For all uv € Eg:

_\2
Wiy Zuy = Ay, -

= elimination using Grobner basis gives an equation in A, 's.

17



Singleton NAC-colorings

If a valuation yields two active NAC-colorings 4, d’, then the set
{(0(e),d'(e)): e € Eg} has 3 elements.

K K <K

\%M/\ /
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Orthogonal diagonals

K X

Lemma (GLS)

If there is an active NAC-coloring § of an algebraic motion of
(G, \) such that a 4-cycle (1,2,3,4) is blue and there are red
paths from 1 to 3 and from 2 to 4, then

Mo+ A3y = N33+ My,

namely, the 4-cycle (1,2,3,4) has orthogonal diagonals.

19



Triangle in Q

b

=> Ngrr® + Ng7s® + (A§e — A57 — Ag7)rs =0,

_\2 2 32 2
r= 23 — A3, S = Alg — A3
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Triangle in Q

b

=> Ngrr® + Ng7s® + (A§e — A57 — Ag7)rs =0,

2 2 2 2
r=2Ay — A3, 5= A4 — Al3
Considering the equation as a polynomial in r, the discriminant is

(As6+X574+A67) (As6+As57—A67) (As6 —As7+X67) (A6 — As7— \67)S5° -
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Triangle in Q

b

— A2+ 0482 + ()\Eﬁ — 22— )\%7)rs =0,
ir = )\%4 - )\§3a 5= )\%4 - )\%3
Considering the equation as a polynomial in r, the discriminant is
(As6+As7+A67)(Ass-+As7— A67) (As6 — A57+A67) (As6 — A5z — Ag7)s” .
Theorem (GLS)

The vertices 5, 6 and 7 are collinear for every proper flexible
labeling of Q1.
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Ramification formula

Theorem (GLS)

Let C be an algebraic motion of (G, \) with the set of active
NAC-colorings N. There exist ps € Z>q for all NAC-colorings §

of G such that:
1. pus #0 ifand only if § € N, and

2. for every 4-cycle (V;, E;) of G, there exists a positive
integer d; such that

Z s = d; for all NAC-colorings &' € {4|g,: € N}.
6eNACg
8lg,=3"
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Let C be an algebraic motion of (G, \) with the set of active

NAC-colorings N. There exist ps € Z>q for all NAC-colorings §
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integer d; such that
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={0),  o={O0). ={OoO)

21



_
K R Ko R

/«$NAM

¢3 G4 ¢



e
ALVARIEISEI AL
O 05 O O O O

N

1 U1 V2 ¢3 Pa ¢
Antiparallelogram (_[, ]_) -

22



€13 €14 €23 €24

1 (U V2 ¢3
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Classification of motions

e Find all possible types of motions of quadrilaterals with
consistent pi5's
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Classification of motions

e Find all possible types of motions of quadrilaterals with
consistent pi5's

e Remove combinations with coinciding vertices (due to edge
lengths, perpendicular diagonals)

e |dentify symmetric cases

e Compute necessary conditions for A,,'s using leading
coefficient systems

e Check if there is a proper flexible labeling satisfying the
necessary conditions

Implementation — SageMath package FlexRiLoG
(https://github.com/Legersky/flexrilog)
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v

w1 €56

e Find consistent motion types of 4-cycles — 112 out of

e 32768 = 2% subsets of NAC-colorings, or
e 1953125 = 5% motion types of 4-cycles, or
e 3075 motion types of 4-cycles iteratively
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va

v

w1 €56

e Find consistent motion types of 4-cycles — 112 out of

e 32768 = 2% subsets of NAC-colorings, or
e 1953125 = 5% motion types of 4-cycles, or
e 3075 motion types of 4-cycles iteratively

e Remove combinations with coinciding vertices — 34 left

e |dentify symmetric cases — 4 classes

24



Classification of motions of Kj3

(2)
X7
O,
4-cycles active NAC-colorings #
999999999 NACk; , 1
000909909 {e€12, €23, €34, €14, €16, €36, w1, w3} 6  Dixon |
pooggogge {€12, €23, €34, €14} 9
pgggaggag {€12, €34, ws, we } 18 Dixon Il
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Classification of motions of Kj3

(2)
X
©)
4-cycles active NAC-colorings #
999999999 NACk, , 1
000900900  {€12, €23, €34, €14, €16, €36, w1, w3} 6  Dixon |
pooggogge {€12, €23, €34, €14} 9
pgggaggag {€12, €34, w5, we } 18 Dixon Il

(1,2,5,6) — perpendicular diagonals
2,3,6,5) — antiparallelogram

( )
(1,2,3,4) — parallelogram
( )

1,4,5,6) — antiparallelogram -



Classification of motions of @;

4-cycles active NAC-colorings # type dim.
pggpopg {€13, €24, 1} 2 | 4
poapope {e13,m} 4 C 1, IV_, V, VI 2
peepapa (g, @n)) 2 cl 2
Ogggggg {Gij,’717’72,7/)17¢2} 1 ”7U”+ 5
peegggyg {€13, €14, €23, €24} 1 el | I | 4
oggpgga  {€13,€24,71, Y2} 4 cll_ 3
oggegge {€e13, €23,71, 72} 2 C ll_, deg. 2
ogggaga  {e13,€2,vY1,%2,(} 2 I 3
99apggg {€13, 7, B4, Y2} 4 IV_ U IV, 4
ggaegpe {e13,m, 72, 93} 4 v 3
pggegge {€13,€23,m, (} 2 VI 3

26



p-numbers

Let C be an algebraic motion. For § € NACgs and a valuation v:

gap(d,v) :=max< 0, min v(W.) — max v(We)
eckEg ecEg
d(e)=red d(e)=blue
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p-numbers

Let C be an algebraic motion. For § € NACgs and a valuation v:

gap(d,v) := max {07 min v(We) — max v(We)
eckEg ecEg
d(e)=red d(e)=blue

and

p(6,C) =" gap(6,v).

veVal(C)

The set of active NAC-colorings satisfies

NAC(C) = {6 € NACg : 1(6,C) # 0} .

27



Ramification formula

Theorem (GLS)

Let C be an algebraic motion of (G, \). Let G’ be a subgraph of G
and f : C — C’ be the projection of C into realizations of G’, where
C' is an algebraic motion of G'. If ' be a NAC-coloring of G’, then

> w6,C)=p(¢,C') - deg(f).
deNACg
6|EG/ =¢'
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Ramification formula

Theorem (GLS)

Let C be an algebraic motion of (G, \). Let G’ be a subgraph of G
and f : C — C’ be the projection of C into realizations of G’, where
C' is an algebraic motion of G'. If ' be a NAC-coloring of G’, then

> w6,C)=p(¢,C') - deg(f).
deNACg
6|EG/ =¢'

Theorem (GLS)
Let Cy4 be a 4-cycle graph with an algebraic motion C’.
If ' is an active NAC-coloring of C', then pu(6',C") = 1.

28



Computer-free proof for K; 3

Let C’ be an algebraic motion of K3 3. Let p; and p; be the
projections removing vertices, i and i, (different parity).

Proposition (Gallet, GLS)

If C" is not a Dixon I, then all the maps p1, ..., pe are birational.

29



Computer-free proof for K53 — Dixon | excluded

There are only 26 degree tables modulo symmetries:

2 4 6
1
3 .- degpje{1,2}
SHE :
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There are only 26 degree tables modulo symmetries:

2 4 6
1
3 .- degpje{1,2}
SHE :

Each table determines motion types of all 4-cycles (almost), not all

of them possible:

g g 9 a p e p/ajt g g
g g 9 p oa e g pla/t g
g g ¢ o o t g g pl/aje
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Computer-free proof for K;; — Dixon | excluded

There are only 26 degree tables modulo symmetries:

2 4 6
1
3 .- degpje{1,2}
SHE :

Each table determines motion types of all 4-cycles (almost), not all
of them possible:

a «a @
©a o «
- @a @
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Thank you

jan.legersky@risc.jku.at

jan.legersky.cz
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