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Definition

A map p : VG → R2 for a graph G = (VG ,EG ) such that

p(u) 6= p(v) for every edge uv ∈ EG is called a quasi-injective

realization.

A flex of the framework (G , p) is a continuous path t 7→ pt ,

t ∈ [0, 1), in the space of realizations of G such that p0 = p and

for all t ∈ [0, 1) and all edges uv ∈ EG

‖pt(u)− pt(v)‖ = ‖p(u)− p(v)‖ .

The flex is called trivial if the equation above holds for all

u, v ∈ VG and all t ∈ [0, 1).

The framework (G , p) is flexible if it has a non-trivial flex.

Otherwise it is called rigid.
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Does there exist a reflection-symmetric flexible realization?



Definition

A NAC-coloring of a graph G is a surjective edge coloring by red

and blue such that for every cycle in G , either all edges have the

same color, or there are at least two edges of each color.

¢ ¢ m m

Theorem (Grasegger, L., Schicho, 2019)

A connected graph has a flexible realization in the plane if and only

if it has a NAC-coloring.

Theorem (Garamvőlgyi, 2022)

The existence of a NAC-coloring is NP-complete.
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Theorem (Dewar, Grasegger, L., 2022)

A connected n-fold rotationally symmetric graph has an n-fold

rotationally symmetric flexible realization if and only if the graph

has a NAC-coloring that is invariant under the rotation and no two

distinct blue, resp. red, partially invariant components are

connected by an edge.



Reflection symmetry



Definition

A reflection σ is a non-trivial automorphism of a graph G such

that σ2 = I .

A quasi-injective realisation p : VG → R2 of G is said to be

reflection-symmetric if p(σv) = τp(v) for every vertex v ∈ VG ,

where

τ :=

[
−1 0

0 1

]
.

A flex pt of (G , p) is reflection-symmetric if for each t ∈ [0, 1], the

framework (G , pt) is reflection-symmetric.

The framework is reflection-symmetric flexible if it has a non-trivial

reflection-symmetric flex.
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(Pseudo)-RS-colorings



Definition

Let G be a graph with reflection σ. An edge coloring

δ : EG → {red, blue, gold} of G is a pseudo-RS-coloring if:

1. {red, blue} ⊆ δ(EG ) ⊆ {red, blue, gold},

2. changing gold to blue results in a NAC-coloring,

3. changing gold to red results in a NAC-coloring,

4. δ(e) = red if and only if δ(σe) = blue for all e ∈ EG .

A cycle in G is almost red-blue if it has exactly one gold edge.



Definition

A pseudo-RS-coloring δ of graph G is called an RS-coloring if:

1. (G , δ) has no almost red-blue cycle, or

2. for every almost red-blue cycle C , there exist non-gold edges

e1, e2 in C and another pseudo-RS-coloring δ′ of G

(certificate) such that δ(e1) = δ(e2) and δ′(e1) 6= δ′(e2).

¢ ¢ m m



Theorem

It is NP-complete to decide whether a reflection-symmetric graph

has a pseudo-RS-coloring and it is NP-hard to decide whether a

reflection-symmetric graph has an RS-coloring.
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Necessary conditions



Theorem

If (G , p) is a reflection-symmetric flexible framework, then G has

an RS-coloring.

A valuation of the complex function field C(M) of an irreducible

algebraic curve M is a map ν : C(M) \ {0} → Q such that

1. ν(ab) = ν(a) + ν(b) for all a, b ∈ C(M) \ {0},
2. ν(a + b) ≥ min{ν(a), ν(b)} for all a, b ∈ C(M) \ {0} such

that a + b 6= 0, and

3. ν(C \ {0}) = {0}.
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(xu − xv )2 + (yu − yv )2 = λ(uv)2 for all uv ∈ EG

yv0 = 0

xσv = −xv , yσv = yv for all v ∈ VG

Wu,v = (xu − xv ) + i(yu − yv )

Zu,v = (xu − xv )− i(yu − yv )

0 = ν(λ(uv)2) = ν(Wu,vZu,v ) = ν(Wu,v ) + ν(Zu,v )

ν(Wσu,σv ) = ν(−Zu,v ) = ν(Zu,v ) = −ν(Wu,v )
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ν(Wσu,σv ) = −ν(Wu,v )∑
(u,v)∈C

Wu,v = 0 for every cycle C

Define active pseudo-RS-coloring δ for a suitable α ∈ Q:

δ(uv) :=


red, if ν(Wu,v ) > α

gold, if α ≥ ν(Wu,v ) ≥ −α

blue, if ν(Wu,v ) < −α



G

clgold(G)

Theorem

If (G , p) is a reflection-symmetric flexible framework, then the gold

closure of G has an RS-coloring.



G clgold(G)

Theorem

If (G , p) is a reflection-symmetric flexible framework, then the gold

closure of G has an RS-coloring.



Sufficient conditions



Theorem

If G has an RS-coloring that has no almost red-blue cycle, then

there exists a reflection-symmetric flexible framework (G , p).
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Theorem

Let δ1, δ2 be RS-colorings of a graph G with an invariant vertex

such that they are certificates of each other for all almost red-blue

cycles and certain 5 technical assumptions hold. Then there is a

reflection-symmetric flexible framework (G , p).



Lemma

For every ` ∈ N, there is a reflection-symmetric graph G such that

every reflection-symmetric motion of G has at least ` active

RS-colorings.

Is there a construction of a reflection symmetric flex

from ` RS-colorings?



Frameworks consisting of

parallelograms and triangles





PyRigi
pyrigi.github.io

Thank you

jan.legersky@fit.cvut.cz

jan.legersky.cz

https://pyrigi.github.io
mailto:jan.legersky@fit.cvut.cz
https://jan.legersky.cz
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